Abstract. We point out an interplay between F q -Frobenius non-classical plane curves and complete (k, d)-arcs in P 2 (F q ). A typical example that shows how this works is the one concerning an Hermitian curve. We present some other examples here which give rise to the existence of new complete (k, d)-arcs with parameters k = d(q − d + 2) and d = (q − 1)/(q − 1), q being a power of the characteristic. In addition, for q a square, new complete (k, d)-arcs with either k = q √ qb + 1 and d = (
Introduction
A (k, d)-arc K in the projective plane P 2 (F q ), F q being the finite field of order q, is a set of k points such that no line in P 2 (F q ) meets K in more than d points. The (k, d)-arc is called complete if it is not contained in a (k + 1, d)-arc. For basic facts on these objects the reader is refered to [9, Ch. 12 ] (see also the references therein), [12, Sect. 5] , [1] , and [25] .
A natural example of a (k, d)-arc is provided by the set X (F q ) of F q -rational points of a plane curve X defined over F q whose components are non-linear, where k is the number of elements of X (F q ) and d is the degree of X . As a matter of terminology, we shall say that X has the arc property whenever X (F q ) is a complete (k, d)-arc with k and d as above.
Any (k, d)-arc arising from a plane curve over F q gives rise to an algebraic geometric [k, 3, [26, Sect. 3.1.1] . If the underlying curve has the arc property, then the corresponding code has minimum distance equal to k − d and it cannot be extended to codes with larger minimum distance. This is analogous to the well known relation between complete (k, 2)-arcs and non-extendable MDS codes.
The interplay between Algebraic Curve Theory and Finite Geometry was initiated by B. Segre around 1955. In [20] (see also [9, Sect. 10.4] ) he established an upper bound for the second largest size that a complete (k, 2)-arc in P 2 (F q ) can have. He proved this result by applying the Hasse-Weil upper bound to the non-singular model of the envelope associated to (k, 2)-arcs. The state of the art on these arcs can be read in Hirschfeld and Korchmáros' papers [10] and [11] , where the main tool used from Algebraic Curve Theory is the approach of Stöhr and Voloch [22] to the Hasse-Weil bound; see also [7] . Other applications of curves to Finite Geometry can be found for example in [19] or in the surveys [24] and [23] .
In this paper we deal with the problem of determining plane curves having the arc property. 
where the a ij 's belong to F q such that a √ q ij = a ji for each i and j, and where the 3×3 matrix (a ij ) is non-singular. It is known that H is F q -isomorphic to the canonical Hermitian curve (see for example [9, Ch. 5] ), namely the one defined by the 3 × 3 identity matrix. Furthermore, H(F q ) has q √ q + 1 points. For P ∈ H, let T P H denote the tangent line of H at P . Then the intersection divisor H · T P H of H and T P H satisfies (see for example [3] )
where Φ is the F q -Frobenius morphism on H. In particular,
From this property and the non-singularity of H follow that any F q -rational line in P 2 (F q ) that intersects H(F q ) in less than √ q + 1 points is the tangent line of H at some point (cf. Lemma 2.2). Then the completeness of the (q √ q + 1, √ q + 1)-arc H(F q ) will follow from the fact that the degree of the dual curve of H is √ q + 1 (see Remark 2.5).
The geometrical properties of Hermitian curves discussed above are indeed the starting point of our research. Specifically, we wonder whether or not property (1.2) is already sufficient for the arc property of the Hermitian curve. In general, a non-linear irreducible plane curve defined over F q that satisfies (1.2) for general points belongs to the class of curves known as F q -Frobenius non-classical curves. Such curves were studied by Hefez and Voloch [8] after [22] . Therefore the following question arises:
Is it true that any F q -Frobenius non-classical plane curve has the arc property?
We notice that an arc arising from a non-singular F q -Frobenius non-classical plane curve X of degree d will have #X (
Theorem 3.2 shows the arc property of certain non-singular F q -Frobenius non-classical plane curves that admit an affine model of type
is a polynomial of degree d. These curves were studied by Garcia [2] , and we observe that the canonical Hermitian curve admits such an affine model. 
Theorem 3.5 gives an affirmative answer to Question 1.1 subject to an additional condition, namely (3.2), which involves the number of F q -rational points of the curve, the degree of the curve, the order of contact of the curve with the tangent at a general point, and the number of singular points of the curve. If the curve is non-singular, it turns out that condition (3.2) simply requires that the degree of the dual of the underlying curve (cf. Remark 2.5) be less than q + 1. As was already noted, this is in fact the case for an Hermitian curve. So far, we could not find examples of F q -Frobenius non-classical curves fulfilling (3.2) which are not F q -isomorphic to Hermitian curves; see Remark 3.7.
In Section 4 we construct complete arcs by using several Hermitian curves. This was inspired by Kestenband's paper [17] where he studied the possible intersection of two Hermitian curves.
We observe that complete arcs with the parameters as found in this paper have not been previously constructed.
In Section 2 we summarize some relevant facts on F q -Frobenius non-classical plane curves. We follow Hefez and Voloch's paper [8] . The key results here are Lemma 2.2 and Remark 2.3.
Frobenius non-classical planes curves
The study of Frobenius non-classical curves was initiated by Hefez and Voloch [8] based on a fundamental paper by Stöhr and Voloch [22] , where an approach to the Hasse-Weil bound was given. In this paper only plane curves are considered.
Let X be a non-linear irreducible plane curve defined over F q . For i = 0, 1, 2, let x i be the coordinates functions of P 2 (F q ) on X . Let t be a separating variable of F q (X )|F q and denote by D i = D i t the i-th Hasse derivative on X . The order sequence of X (see [22, p. 5] ) are the numbers 0, 1 and = (X ), where > 1 is the least integer such that
Geometrically, the numbers 0, 1 and represent all the possible intersection multiplicities of the curve X with lines in P 2 (F q ) at general points.
The F q -Frobenius order sequence of X (see [22, p. 9] ) are the numbers 0 and ν = ν(X , q), where ν > 0 is the least integer such that
We have that ν ∈ {1, } [22, Prop. 2.1]. The plane curve X is called F q -Frobenius non-classical if ν = (or equivalently if ν > 1).
Remark 2.1. From (2.1) we have the following geometrical fact: the plane curve X is F q -Frobenius non-classical if and only if Φ(P ) ∈ T P X for all non-singular points P ∈ X .
The following results are very much related to the arc property of F q -Frobenius nonclassical curves, as well as to blocking sets [21] .
Proof. Suppose that no singular point of X belong to . If ∩ X ⊆ X (F q ), then there exists P ∈ X \X (F q ) such that P, Φ(P ) ∈ ; so = T P X by Remark 2.1. If ∩X ⊆ X (F q ), then by hypothesis and Bezout's theorem, = T P X at some P ∈ X (F q ). The last part of the lemma follows from the fact that the intersection multiplicity of T P X and X at P is either at least (X ) if P ∈ X (F q ) or at least (X ) + 1 otherwise; cf. [22, p.15, Cor.
2.10].
Remark 2.3. Let X be a F q -Frobenius non-classical plane curve of degree d and a F qrational line in
Proof. By Bezout's theorem has no singular point of X and the result follows from the proof above.
Remark 2.4. Let X be a F q -Frobenius plane curve of degree d. := (X ). 
Remark 2.5. Let X be a non-singular plane curve of degree d ≥ 2, X * the dual curve of X and T : X → X * the dual map; i.e, T (P ) = T P X . Then 
We have that H = 1 if X is non-singular [18, p. 9] . Then it is easy to see that X is F q -Frobenius non-classical if and only if there exists 
where
, and such that d divides q − 1, and 
, where a ∈ F * p , b ∈ F q , and c ∈ F p , satisfy (2.5) above. Therefore Eq. (1.3) defines a F q -Frobenius non-classical curve, says G = G a,b,c . As in the above example here one can proved that (G) = p. We notice that the curve G and the Fermat curve 
Complete arcs from curves, I
Let X be a F q -Frobenius non-classical plane curve of degree d defined by (1.3), and set K := X (F q ). Let be a F q -rational line in P 2 (F q ). From Remark 2.6 we have that # ∩ K = d if is the line at infinity, say : Z = 0. From the fact that p does not divide d (cf. Remark 2.4(i)) and from Remark 2.3, the same conclusion holds if is defined by x = α with f (α) = 0. Therefore we have the following. Lemma 3.1. With the above notation, the curve X has the arc property if and only if for any point P = (α : β : 1) such that f (α) = 0 and β = 0, there is a F q -rational line through P such that # ∩ X = d. Now let p ≥ 3, q a power of p such that (q − 1) divides (q − 1). Let F = F a,b (q , q) be the Fermat curve in Example 2.7 and let G := G 1,1,0 in Example 2.8; i.e, G is defined by
Let d := (q − 1)/(q − 1), where we put (q, q ) = (p 3 , p) for the curve G. Let K be the set of F q -rational points of either F or G. Then, since both curves F and G are non-singular, from Lemma 2.10 we have that k := #K = d(q − d + 2). Theorem 3.2. With the above notations, the curves F and G have the arc property; i.e.,
Proof. Notation as in (2.4). By Lemma 3.1 it is enough to show that there exists an F q -rational line through P = (α : β : 1) such that # ∩ X = d ( * ), where f (α) = 0 and
has a multiple root. Writing d = λp + 1, the above is equivalent to the fact that the equations
have a common root. In the case of the Fermat curve F , α = 0 and h(x) ∈ F * q . We claim that property ( * ) holds for = m , where either m = β/α or m = 0. Indeed, if we choose m = β/α, (3.1) is not possible unless m intersects X at points of the line at infinity. In this case we must have (β/α) d = −a/b ( * 1 ). For these values of α and β we choose now m := 0 and hence (3.1) does not hold unless
. Then the claim follows if we show that ( * 1 ) and ( * 2 ) yield to a contradiction. In fact, if the above relation both hold true then α d = 1/a that contradicts f (α) = 0.
Next we consider the curve G. Notice that −1 or 1 are not roots of f (x). We claim that the line = m , where either m = β/(α + 1) or m = β/(α − 1), satisfies ( * ). Notice that such lines intersects X outside of the line at infinity. Now for m = β(α + 1) (resp. m = β/(α − 1)) (3.1) does not hold unless g(
, wherex is a root of g(x) − h(x) (resp. g(x) + h(x)); i.e.,x is 1 and -1 respectively. The claim follows then from the fact that both conditions in ( * 3 ) cannot hold at the same time, otherwise we would have (α + 1) d = (α − 1) d which together with f (α) = 0 give α ∈ {−1, 1}, a contradiction.
Remark 3.3. The hypothesis p ≥ 3 in Theorem 3.2 is necessary. Indeed, consider the Fermat curve X defined by
where q is a power of two. Take P = (1 : 1 : 1). Then it is easy to see that # ∩ X < q − 1 for any F q -rational line passing through P .
Remark 3.4. From the curve G above with q = p 3 and q = p and the curve F we obtain two complete arcs with the same parameters. We claim that these arcs are not isomorphic, otherwise let T be a collineation on
Theorem 3.5. Let X be a F q -Frobenius non-classical plane curve. Let d be the degree of
where S is the set of singular points of X and is the order of contact of X with the tangent at a general point.
Proof. There are at most N lines , N ≤ #S, such that ∩ S = ∅. Clearly, for each of these lines # ∩ X (F q ) ≤ d − 1. Then from Lemma 2.2 we have For a concrete example take q = p 3 . Then = p by Remark 2.4(i)(iii) and so we must have √ p ≤ λ < p. Therefore X will satisfy (3.3) if λ = p − 1, i.e. if X has degree
The existence of such a curve is equivalent to the existence of polynomials 2 , q −1)-arc which is maximal among (k, q −1)-arc having an external line [9, Thm. 12.40] . Then for p ≥ 3, it turns out that this arc is contained in a plane curve defined over F q which is F q -isomorphic to the Fernat curve X of equation:
To see this is enough to notice that X (F q ) is the complement of X 0 X 1 X 2 = 0 in P 2 (F q ).
Complete arcs from curves, II
In this section we construct complete arcs from plane curves whose components are certain Hermitian curves. Let q be a square, and B a subset of F * √ q . Let X B and Y B be the curves defined respectively by (ii) The curve Y B has the arc property if 1 ≤ b ≤ √ q − 2.
Proof. Let X denote either X B or Y B and Z denote the intersection of the irreducible components of X (hence #Z ∈ {1, √ q + 1}). Let be a F q -rational line in P 2 (F q ) passing through a point in P 2 (F q ) outside X . Then intersects X in less than deg(X ) points if and only if either intersects Z or intersects in just one point an irreducible component of X . Therefore the number N of such lines satisfies N ≤ #Z + ( √ q + 1)b .
Now the result follows since the number in the right hand side of the above inequality is less than q + 1 for b in the range of the hypotheses.
